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1. INTRODUCTION 
It was shown by Bauer [l] that the Perron definition of the integral [7] 
is a generalization of the Lebesgue integral. In this paper the Perron integral 
is used to establish an existence and uniqueness theorem for the differential 
equation 
D44 = fb, $41 a.e. (almost everywhere) on 1 (1) 
with boundary conditions 
u(x, 0) = a(x), W,Y) = 4Yh and a(0) = b(0) (2) 
where I = {.z = (s, y) j 0 < x < 1, 0 < y < I}, U(Z) belongs to the set of 
real numbers, and 
for h . k # 0 and (x + h, y + k) in I. If u possesses a cross partial derivative, 
say D,,,u a-e. on 1, then Du(z) = D3cp(u) 9 a.e. on 1. It has been shown [2] that 
if U(Z) is anchored and absolutely continuous on I, then Du, D,,u, and D,,u 
exist and are equal a.e. on I. There are functions however, for which the 
derivative as defined above exists but a first partia1 derivative and hence 
a cross partial derivative fails to exist on 1. Thus the second order nonlinear 
partial differential equation 
D,,u(z) = f[x, u(z)] 
is a special case of equation (1). 
a.e. on I. (3) 
* This is a part of the author’s doctoral dissertation, written at the University of 
Texas at Austin under the direction of Professor H. J. Ettlinger. 
367 
368 MANOUGIAN 
2. DEFINITIONS AND PRELIMINARY THEOREMS 
DEFINITION 1. M(X) is a major function forf(z) on I means: (1) M(z) E C, 
(class of continuous functions in .z) on I, (2) M(0, y) = II!&, 0) = 0, 
(3) @I(z) (lower derivative) exists nearly everywhere on I, and (4) 
o&I(z) > f(z) a.e. on 1. 
DEFINITION 2. WZ(Z) is a minor function for f(z) on I means: (1) m(x) E C, 
on I, (2) m(0, y) = m(x, 0) = 0, (3) &z(x) (upper derivate) exists nearly 
everywhere on I, and (4) &z(x) < f(z) a.e. on I. 
DEFINITION 3. f~ P (class of Perron integrable functions) on I means: 
(1) w4 ad 44 for f( x exist on I, (2) AZ(z) = g.1.b. {M(x)} exists on I 1 
and is the upper Perron integral off on I, (3) S(Z) = hub. (m(z)} exists on I 
and is the lower Perron integral off on I, (4) M(z) = B(X) on I, then for 
F(x) = B(Z) we have 
F(z) = 1: f for x on I. 
Throughout this paper integration is in the Perron sense. The Lebesgue 
integral is denoted by (9) s. 
THEOREM 1. If f E P on I, then F(x) E C, on I. 
THEOREM 2. If f E P and g E P on I, then for constants 4 and k, , 
[k,f+k~]~PoonI,and 
1: [k, f + k, g] = k, /lf + k, s: g for z on I. 
THEOREM 3. If f E P on I and f (2) 3 0 a.e. on I, then f E PEP (class of 
Lebesgue integrable functions) on I and 
11 f = (9) Jz f for z on I. 
The methods used in proving the corresponding theorems to 1,2, and 3 
for functions of a single variable extend readily for functions of two variables. 
See [II, [51, [61, and PI. 
COROLLARY 3.1. If f E P on I and f (2) > g(z) a.e. on I where g E B on I, 
thenfE9onI. 
EXISTENCE AND UNIQUENESS THEOREM 369 
Proof. By hypothesis [f(z) -g(z)] 3 0 a.e. on I, then by Theorem 3, 
[f-g]EA?onI.Sinceg~SonIthenfE~onI. 
THEOREM 4 (Bauer, H. [l, p. 1721.) If f E P on I, thm DF(z) = f (3) 
a.e. on I. 
f,, E P on I,for each counting number n. (HI) 
f&z) > g(z) for each n, a.e. on I where g E P on I. 
$3 fn (z) = f(z) a.e. 071 I. 
{fi[fn - gJ> E EAC (epi-absolutely continuom) on I. 
U&r hypotheses (Hl)-(H4), f E P on I and 
The proof of this Lemma is based on the corresponding theorem by 
Vitali [9] for functions integrable in the Lebesgue sense, See Graves 
[4, p. 1901. 
Since fn(z) >, g( x a.e. on I, by Theorems 2 and 3 we have for z on I ) 
and by (H4) and Vitali’s theorem, 
Consequently, 
for z on 1% 
Now, since g E P on I then f E: P on I and 
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LEMMA 2. If v(z) > 0 a.e. on I and o E 9’ on I, then fog each counting 
number n, 
D Kg> JE 4” 
n! 
a v(z) [W”> J‘tl +--l 
(n - l)! a.e. on I 
Proof. This result is readily proved by mathematical induction. For n = 1 
and by use of Fubini’s theorem [3] we have 
and 
(2) j: v = (2) ,;j: v(s,t)dtds 
D [(9) j-1 v] = D,, [(-E”> j’ jy v(s, t) dt ds] 
0 0 
For n = 2, 
a.e. on I. 
and since v(z) > 0 a.e. on I, 
D [(9)F v1’ >, v(z) [(A?) j’ v] 
0 
Let j be the largest counting number for which the lemma is true for 
i= 1,2 ,..., j. Then for j + 1, where j > 2, we have 
D [19p> s: d’+l < v(z) [lgEp) s; ‘1’ 
(j + 111 j! 
But, 
D [cyp> s: ‘Ii+’ = D [cyP) s; ‘I’+’ 
(j + I)! ay (j + l)! 
= v(z) K-9 s: vii + 
j! 
x [(TZ) j; v(x, t) dt] [(L?) j’ VI’-’ 
0 
Therefore, the assumption is false and Lemma 2 is thus proved. 
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3. MAIN THEOREM 
f (z, 28) E C, for x a-e. on 1. 
f (.z, u(x)) E P on I for u(x) E C, on I. 
1 f (2, u(z)) -f (2, u*(z))/ < v(z) 1 u(z) - u*(zj\ a.e. on I 
where v E 9 on I. 
f(% 44) b g( z a.e. on I; g E P on I and {fi[f - g]> E GEAC ) (H4) 
on I for the set of conti~2uous functions u(z). 
Under hypotheses (Hl)-(H4), ;f [a(x) + b(y)] E C, on I then there exists 
a urzique solution to the d@erential equation (I) with boundary conditions (2). 
Proof of Main Theorem. Let 
u&) = 44 + b(y) - a(O) 
Then by hypothesis z&x) E C, on I and by Theorem 1, ~~(2) E C, on I. If j is 
a counting number for which q(z) E C, on I, then z++r(z) is also in C, on I. 
Therefore, u,(z) E C, on I for all n. Define 
then 
for x on I 
and 
By Theorem 1, zq,(x) E C, on I. Under hypothesis (H3) and by Corollary 3.1, 
tf k> fJ&H -f (% tag-&)] E 9 on 1. Therefore, for n > 1, the last integral 
may be taken in the Lebesgue sense. Now, since EU&) E C, on 1, then there 
is a number k such that for z on I 
and under hypothesis (H3), 
505/s/2-12 
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Application of Lemma 2 yields 
The last inequality holds since V(X) is nonnegative on 1: Consequently, the 
series CT=, ) zui(z)l converges uniformly on I, and 
li,m C wi(x) = ?I+) 
i=O 
uniformly on I. 
But, 
go w&) = u,+&) - uo(x) for x on I. 
Hence, there is a ti(,z) such that 
$33 Un(z) = i%(x) uniformly on I. 
Since U,(Z) E C, on I, then P(Z) E C, on I. 
Next we show that ti(z) is a solution of equation (1) and satisfies boundary 
conditions (2). By (Hl), 
li,m fb, 4d4) = fk, ~W) 
Hence, (H4) and Lemma 1 yield 
a.e on I. 
for x on I 
where 
qx, 0) = a(r), WYY) = b(Y) for n(0) = b(0) 
and by Theorem 4, 
DiT(z) = f[z, iZ(z)] a.e. on I. 
The solution %(z) is unique. To prove this, assume that U*(Z) is another 
solution for equation (1) and satisfies equations (2). Let for z on I, 
Then, 
U(z) = tq,z) - u*(,z) 
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and 
Hence U(z) = 0 and uniqueness is established. 
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